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Abstract We show that any continuously differentiable force is decomposed into
the sum of a Rayleigh force and a gyroscopic force. We also extend this result
to piecewise continuously differentiable forces. Our result improves the result on
the decomposition of forces in a book by David Merkin and further extends it to
piecewise continuously differentiable forces.
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I. INTRODUCTION
Generally forces depend on both position variables and velocity variables. Among those
forces, gyroscopic forces receive special attention since they do not contribute to any change
in the total energy of a mechanical system. Another special type of force is a Rayleigh
force, which can be represented as the derivative of a function with respect to the velocity
variables [1, 2]. These two types of forces are important not only in mechanics but also in
control. For example, both gyroscopic forces and dissipative Raleigh forces are employed
in feedback control design to stabilize mechanical systems [3, 4]. In this paper we show
that any force, dependent upon both position and velocity, is uniquely decomposed into the
sum of a Rayleigh force and a gyroscopic force. Constructive formulas and examples for the
decomposition are provided.
∗Email: dechang@uwaterloo.ca (old); dechang@kaist.ac.kr (current). Published in THEORETICAL & AP-
PLIED MECHANICS LETTERS 4, 043001 (2014).
2II. MAIN RESULTS
A. Decomposition of Continuously Differentiable Forces
Let Q be a configuration manifold of dimension n. We denote by TQ the tangent bundle,
or velocity phase space, of Q and by T ∗Q the cotangent bundle, or momentum phase space,
of Q. We use q = (q1, . . . , qn) for coordinates on Q, and (q, v) = (q1, . . . , qn, v1, . . . , vn) for
coordinates on TQ. Sometimes we simply write v instead of (q, v). The cotangent bundle
T ∗Q is locally spanned by the coordinate one-forms {dq1, . . . ,dqn}, where one can identify
the set {dq1, . . . ,dqn} with the standard basis for Rn without loss of generality in this paper.
The Einstein summation convention is employed such that repeated indices are implicitly
summed over. Hence, we have the following identification:
aidq
i = a1dq
1 + · · ·+ andq
n =


a1
...
an

 .
A fiber-preserving map F : TQ→ T ∗Q is called a force map, or simply a force. A force F
is called gyroscopic if 〈F (q, v), v〉 = 0 for all (q, v) ∈ TQ, where 〈 , 〉 is the canonical pairing
between cotangent vectors in T ∗Q and tangent vectors in TQ. A force F is called a Rayleigh
force if there exists a function R : TQ→ R such that F = ∂R
∂vi
dqi for all (q, v) ∈ TQ, where
the function R is called the Rayleigh function for the force F .
Lemma II.1. For any continuously differentiable force F : TQ → T ∗Q, there exists a
differentiable function R : TQ→ R such that
〈F (q, v), v〉 =
∂R
∂vi
vi (1)
for all (q, v) ∈ TQ. Concretely, the function R : TQ→ R defined by
R(q, v) =
∫ 1
0
〈F (q, sv), v〉ds (2)
satisfies (1). Moreover, if there is another function R˜ : TQ→ R such that
〈F (q, v), v〉 =
∂R˜
∂vi
vi (3)
for all (q, v) ∈ TQ, then there exists a function f : Q→ R such that
R˜(q, v) = R(q, v) + f(q)
3for all (q, v) ∈ TQ.
Proof. Adapting the proof of the Proposition on p.517 in [5], one can show that the function
R defined in (2) is differentiable on TQ. For any τ ∈ R
R(q, τv) =
∫ 1
0
〈F (q, sτv), τv〉ds =
∫ τ
0
〈F (q, sv), v〉ds.
Hence,
∂R
∂vi
vi =
d
dτ
∣∣∣∣
τ=1
R(q, τv) = 〈F (q, v), v〉.
Suppose that there is another differentiable function R˜ : TQ→ R such that (3) holds. Then,
R˜(q, v) = R˜(q, 0) +
∫ 1
0
d
ds
R˜(q, sv)ds
= R˜(q, 0) +
∫ 1
0
∂R˜
∂vi
(q, sv)vids
= R˜(q, 0) +
∫ 1
0
〈F (q, sv), v〉ds
= R˜(q, 0) +R(q, v)
where (3) is used for the third equality. Therefore, the difference between R˜ and R is a
function on Q.
The following theorem states that any continuously differentiable force can be expressed
as the sum of a Rayleigh force and a gyroscopic force.
Theorem II.2. For any continuously differentiable force F : TQ → T ∗Q, there exists a
differentiable function R : TQ→ R and a gyroscopic force G : TQ→ T ∗Q such that
F =
∂R
∂vi
dqi +G. (4)
Moreover, the decomposition is unique.
Proof. Let R be the function defined in (2), and let G = F − ∂R
∂vi
dqi. By Lemma II.1, it is
easy to show that G is gyroscopic. Suppose that there exists another differentiable function
R˜ on TQ and another gyroscopic force G˜ such that
F =
∂R˜
∂vi
dqi + G˜. (5)
4Since both G and G˜ are gyroscopic, by (4) and (5)
∂R
∂vi
vi = 〈F (q, v), v〉 =
∂R˜
∂vi
vi.
Hence, by Lemma II.1 there exists a function f : Q→ R such that R(q, v) = f(q) + R˜(q, v).
Thus, ∂R
∂vi
dqi = ∂R˜
∂vi
dqi and G = F − ∂R
∂vi
dqi = F − ∂R˜
∂vi
dqi = G˜, which proves the uniqueness
of the decomposition.
Notice that Theorem II.2 is an improvement of the exposition in Section 6.2 of [6]. Our
proof herein is more rigorous, and we discuss and prove the uniqueness of the decomposition
as well.
Let us take an example. Consider a force
F (q, v) =

q1v2
v1v2


on R2, where q = (q1, q2) and v = (v1, v2). By (2)
R(q, v) =
∫ 1
0
(sq1v1v2 + s2v1(v2)2)ds =
1
2
q1v1v2 +
1
3
v1(v2)2,
∂R
∂v
=

 ∂R∂v1
∂R
∂v2

 =

12q1v2 + 13(v2)2
1
2
q1v1 + 2
3
v1v2

 ,
G = F −
∂R
∂v
=

12q1v2 − 13(v2)2
1
3
v1v2 − 1
2
q1v1


such that
F (q, v) =

12q1v2 + 13(v2)2
1
2
q1v1 + 2
3
v1v2

+

 12q1v2 − 13(v2)2
1
3
v1v2 − 1
2
q1v1

 ,
where the first term on the right-hand side is the Raleigh part and the second the gyroscopic
part of F .
Let us take another example. Consider a force F (q, v) = a(q)(v1)i1 · · · (vn)indq1 on Rn,
where ik’s are non-negative integers such that
∑n
k=1 ik ≥ 0. Then, by (2)
R(q, v) =
a(q)
(i1 + 1) + · · ·+ in
(v1)i1+1 · · · (vn)in .
One can easily extend this computation to the case where F is a force each component of
which is a polynomial in v, since the left-hand side of (1) is linear in F and the right-hand
side of (1) is linear in R.
5We now give an example to show the role of a gyroscopic force as a coupling force.
Consider the following forced 2-dimensional harmonic oscillator:
q¨1 + q1 = −q˙1 + ǫ(q˙2)2,
q¨2 + q2 = −ǫq˙1q˙2,
where ǫ is a constant parameter. One can easily show that the force vector on the right-hand
side is decomposed as follows:
F =

−q˙1
0

+ ǫ

 (q˙2)2
−q˙1q˙2

 ,
where the first vector on the right-hand side is a Rayleigh force and the second a gyroscopic
force. The Rayleigh force is dissipative and the total energy function of the system is given
by
E =
1
2
((q1)2 + (q2)2 + (q˙1)2 + (q˙2)2).
If ǫ = 0, then the q1-dynamics and the q2-dynamics get decoupled. As a result the q2-
dynamics becomes only Lypunov stable, not asymptotically stable, while the q1-dynamics
is exponentially stable. However, if ǫ 6= 0, then the two dynamics get coupled through the
gyroscopic force, and one can apply LaSalle’s invariance principle with the energy function
E as a Lyapunov function to show that the origin is an asymptotically stable equilibrium
point in the total dynamics. This shows that the gyroscopic force creates a coupling between
the two sub-dynamics and propagates the partially dissipative force throughout the entire
dynamics.
B. Decomposition of Piecewise Continuously Differentiable Forces
We now study decomposition for a class of piecewise continuously differentiable forces.
A good example is a Coulomb friction force such as F = −sgn(v). A submanifold S of TQ
is called a star-shaped subbundle of TQ if S =
⋃
q∈Q Sq where for each q ∈ Q the set Sq
is a star-shaped open subset of TqQ, i.e., Sq is an open subset of TqQ and λvq ∈ Sq for all
vq ∈ TqQ and 0 < λ ≤ 1.
6Theorem II.3. Let S be a star-shaped subbundle of TQ, and F : TQ → T ∗Q be a force
that is continuously differentiable on S. Let x = (q, v) ∈ TQ. Suppose that for each x0 ∈ S
there exists a neighborhood U of x0 in S such that the function P : U × (0, 1] → R defined
by P ((q, v), τ) = 〈F (q, τv), v〉 satisfies the following:
1. P extends to be continuous on U × [0, 1],
2. ∂
∂x
P extends to be continuous on U × [0, 1].
Then, there exists a differentiable function R : S → R, and a force G : S → T ∗Q that is
gyroscopic on S, i.e., 〈G(q, v), v〉 = 0 for all v ∈ S, such that
F =
∂R
∂vi
dqi +G
for all (q, v) ∈ S. Moreover, the decomposition is unique.
Proof. By the hypothesis on P (x, s), we may assume that P and ∂P
∂x
are continuous functions
on U × [0, 1]. Then, adapting the Proposition in p.517 of [5], one can show that
R(q, v) = lim
ǫ→0+
∫ 1
ǫ
〈F (q, τv), q〉dτ
is a well-defined differentiable function on S. The rest of the proof follows from the proof
of Theorem II.2.
Here is an example. Let Q = R2 and F = cos(v2)sgn(v1)dq1 + |v2|dq2. It is easy to see
that S = {(q, v) ∈ R2 × R2 | v1 6= 0, v2 6= 0} is a star-shaped subbundle of TQ. Then, for
τ ∈ (0, 1] and (q, v) ∈ S
P ((q, v), τ) := 〈F (q, τv), v〉 = cos(τv2)sgn(τv1)v1 + |τv2|v2
= cos(τv2)|v1|+ τv2|v2|,
and
∂P
∂q
((q, v), τ) = (0, 0),
∂P
∂v
((q, v), τ) = (cos(τv2)sgn(v1),−τ sin(τv2)|v1|+ 2τ |v2|).
7It is easy to show that P , ∂P
∂q
and ∂P
∂v
extend to be continuous on S × [0, 1], so the force
decomposition is possible by Theorem II.3. Indeed F = ∂R
∂vi
dqi +G where
R(q, v) =
∫ 1
0
(cos(τv2)|v1|+ τv2|v2|)dτ =
sin(v2)
v2
|v1|+
1
2
v2|v2|,
∂R
∂vi
dqi =
sin(v2)
v2
sgn(v1)dq1 +
(
cos(v2)v2 − sin(v2)
(v2)2
|v1|+ |v2|
)
dq2,
G =
cos(v2)v2 − sin(v2)
v2
sgn(v1)dq1 −
cos(v2)v2 − sin(v2)
(v2)2
|v1|dq2.
III. CONCLUSION
We have shown that any continuously differentiable force can be uniquely expressed as
the sum of a Rayleigh force and a gyroscopic force and extended this result to piecewise
continuously differentiable forces. We have provided formulas for the decomposition and
illustrated the formulas with examples.
[1] E. J. Routh, The Elementary Part of A Treatise on the Dynamics of a System of Rigid Bodies
(Dover Publications, Inc., New York, 1960).
[2] E. T. Whittaker, A Treatise On the Analytical Dynamics of Particles and Rigid Bodies, 4th
Ed. (Cambridge University Press, 1989).
[3] D. E. Chang, SIAM J. Control and Optimization, 48, 4821 – 4845 (2010).
[4] W. M. Ng, D. E. Chang and G. Labahn, SIAM J. Control and Optimization, 51, 881 – 905
(2013).
[5] J. E. Marsden and M. J. Hoffman, Elementary Classical Analysis, 2nd Ed. (W.H. Freeman and
Company, 1993).
[6] D. R. Merkin, Introduction to the Theory of Stability (Springer-Verlag, New York, 1997).
